The flow of chemically reacting gaseous mixture is associated with a variety of phenomena and processes. In this paper we study the inviscid incompressible limit for the strong stratified flow of chemically reacting gaseous mixture with the ill-prepared initial data in the whole space.
Introduction
The flow of chemically reacting gaseous mixture arises in sciences and engineering and is associated with a variety of phenomena and processes: pollutant formation, biotechnology, fuel droplets in combustion, sprays, and astrophysical plasma. Analyzing the physical regimes associated with various processes unfolds complex chemistry mechanisms and detailed transport phenomena. Many interesting problems in that context involve the behavior of solutions to the governing equations for multicomponent reactive flows as certain parameters vanish or become infinity. The objective of this work is to investigate singular limits for such complex flows based on the relative entropy in the whole space.
As a physical model of fluids, we here consider the flow of chemically reacting gaseous mixture in the whole space Ω = R 3 :
With the scaling of (1.3), the system (1.1)-(1.2) reads as follows:
4)
∂ t (ρ ε u ε ) + div(ρ ε u ε ⊗ u ε ) + 1 ε 2 γ ∇ρ γ ε = µ ε ∆u + (µ ε + ν ε )∇divu + 1 ε 2 ρ ∇G, (1.5)
We also assume that µ ε −→ 0, ν ε −→ 0, d ε −→ 0, κ ε −→ 0, (1.7)
as ε tends to 0. Note that the scalings of d ε , κ ε are motivated by [3, 7] . Assume that the initial data have the following property at infinity:
The existence of global weak solution for the compressible flow of chemically reacting gaseous mixture (1.4)-(1.6) was proved by Donatelli and Trivisa [1, 2] .
It should be pointed out that this kind of problem was first studied by Masmoudi [11] and then there are a lot of progressive works on this topic by Feireisl and Novotný [6] for the compressible Navier-StokesFourier system and by Jiang et al. [8] [9] [10] for the compressible magnetohydrodynamic flows. Recently, Feireisl et al. [5] have studied the inviscid incompressible limit of the weak solutions to the compressible Navier-Stokes equations of compressible flows with strong stratification using the relative entropy method. In this paper, we study the inviscid incompressible limit of the compressible strong startified flow of chemically reacting gaseous mixture (1.4)-(1.6) in the 3-dimensional whole space to the strong incompressible Euler equation when the number ε is very small and we use the ill-prepared initial data. Our contribution of this paper is physically to derive the relative entropy which plays an important role in the proof and derive a rigorous Euler equation. This paper is a first try for the inviscid incompressible limit problems for the compressible flow of chemically reacting gaseous mixture.
Formally, the limit of the densityρ is determined by the static problem
and we will also investigate the limits 8) as tends to 0 in the suitable sense such that the given limit (v, Y) represents the unique strong solution of the following system on [0, T * ):
For the given initial v 0 such that
2 , the velocity (v, Y) has the following regularity:
on [0, T * ), see Donatelli and Trivisa [3] . The outline of this article is as follows: In Section 2 we present the rigorous result for (1.8) and (1.9), and in Section 3 we give the proof of the main result for the compressible flow of chemically reacting gaseous mixture (1.4)-(1.6). Definition 1.1. We say that a quantity {ρ, u, Y} is a weak solution of the flow of a gaseous mixture (1.4)-(1.6) supplemented with the initial data {ρ 0 , u 0 , Y 0 } provided that the followings hold.
• The density ρ is a non-negative
, and u represents a renormalized solution of equation (1.4) on the (0, T ) × Ω, that is, the integral identity
• The balance of momentum holds in distributional sense, namely
• The total energy of the system holds,
holds for a.e. τ ∈ (0, T ) where
• The reactant mass fraction Y is a bounded measurable function on (0,
and the integral identity
• The chemical energy inequality
is satisfied in D (0, T ).
Main results
In this section we introduce the main result of inviscid incompressible limit for compressible magnetohydrodynamic flows. Before we mention the main result, we introduce the generalized Helmholtz projection as follows
Theorem 2.1. Let Ω = R 3 be the 3-dimensional whole space and {ρ , u , Y ε } be a weak solution to (1.4)-(1.6) in the sense of Definition 1.1 verifying the viscosity (1.7) and the initial data:
as ε tends to 0 where
3)
for any compact K ⊂ R 3 such that {ρ, v, Y} verifies the equation (1.9) with the initial Pρ(u 0 ).
Proof of Theorem 2.1
In this section we are going to give a rigorous proof of Theorem 2.1. From now on, we work on any time T < T * .
Uniform bounds
In this section, we are going to derive some estimates on the sequence {ρ , u , Y ε } >0 . From the energy inequalities (1.12) and (1.14), we obtain ess sup
ess sup
Following the estimate of (3.2) and the convexity of the following function:
we get ess sup
and ess sup
and so we get
In accordance with (3.4) and (3.5), we obtain
and so we deduce that div(ρu) = 0, (3.8) in the sense of distribution.
Dispersive estimates
In this section we derive the dispersive estimates. To do this we first regularize the initial data. Consider the abstract operator
with the domain
Introduce a family of functions G δ verifying:
We also take
We define the regularization [h] δ by
with h ∈ L 2 (Ω). Let (q ε , ∇ x Φ ε ) solve the following acoustic equation:
with the initial data
Then we have the dispersive estimates:
Theorem 3.1 ([5] ). Let {q ε , ∇ x Φ ε } ε>0 be the solution of system (3.9) and (3.10) with initial data in (3.11). Then, one has
13)
where h(ε, k, δ) → 0 as ε tends to 0 for all fixed δ > 0, and k = 0, 1, 2, . . ..
Note that the dispersive estimates hold for the 3-dimensional whole space. From now on we delete δ to Φ ε,δ , q ε,δ .
Relative entropy
In this section we will introduce the relative entropy. Let us set H(ρ, r) = (P(ρ) − P (r)(ρ − r) − P(r)),
. Using Y as a test function to the equation (1.13), we get the following weak formulation of the equation (1.13)
(3.14)
We can derive the relative entropy together with adding (1.14) and (3.14) in the sprite of Feireisl et al. [4] . For solutions (ρ , u ) verifying (1.4)-(1.5), we have
where
where r satisfies
Computation of relative entropy
In the relative entropy inequality (3.15), we take
Following the estimates of (2.1), the initial terms of A ε 1 can be handled as follows
where we have used (2.2),
and
Thus, we get A ε 1 = χ(ε, δ). We next control the velocity terms A ε
For J ε 1 , employing (3.4), (3.5), (3.12), and (3.13) gives
Furthermore, using(3.4), (3.5), and (3.8), it follows that
Next let us control J ε 2 for the velocity term. Indeed,
The second integral on the right hand side of (3.16) can be handled by
where we have here used (3.4), (3.5) , and the dispersive regularity (3.13). Next, we estimates the third integral on the right hand side of (3.16). Using (3.4), (3.5) , and the dispersive regularity (3.13) again provides
Using the regularity (1.10), the dispersive regularity (3.13), and (3.1), the term of J ε 3 can be estimated as
Similarly, we get J
and the term of A ε 2 is estimated by
Let us show that the viscosity term A ε 3 vanishes,
where we have here used (1.7), (1.10), (3.3), (3.12), and the fact (3.6), together with (3.4) and (3.5). Indeed, the first and second terms can be moved to the left hand side in (3.17) and the third term vanishes. In (3.17), we know that, from (1.10) and (3.12), ∇U ∈ H 2 (Ω) together with the Sobolev embedding, which implies that
For the term of A ε 4 , A ε 5 , we are going to use the same result in [5] such that
We now handle the convergence of the reactant mass fraction function A ε 6 . The term of A ε 6 can be written by A ε 6 = 4 j=1 B ε j , where Applying the Young's inequality and using the regularity in (1.10), the first intergal can be bounded by the modulated energy
We use the Young's inequality again to obtain that: 
